In this paper we consider an Einstein-type equation which generalizes important geometric equations, like static and critical point equations. We prove that a complete Einstein-type manifold with fourth-order divergence-free Weyl tensor and zero radial Weyl curvature is locally a warped product with (n − 1)-dimensional Einstein fibers, provided that the potential function is proper. As a consequence, we prove a result about the nonexistence of multiple black holes in static spacetimes. Lastly, we prove an estimate for the volume growth of geodesic balls and a weak version of the Omori-Yau maximum principle.
Introduction
A smooth Riemannian manifold M n with smooth metric g in which f Ric = ∇ 2 f + hg, (1.1) where f, h : M → R are smooth functions is called an Einstein-type manifold. So we named (1.1) Einstein-type equation. Here, Ric and ∇ 2 are the Ricci tensor and the Hessian for the metric g, respectively.
A simple calculation from (1.1) gives us f R = ∆f + nh, (1.2) where R is the scalar cuvature for g and ∆ represents the Laplacian.
The notion of Einstein-type manifolds is widely explored in several papers (cf. [14] ). Catino et al. [14] provided a more general Einstein-type equation and classified it under the Bach-flat condition. However, the case of Einstein-type equation that we are assuming here was already considered by Qing and Yuan [22] under the same Bach-flat condition, so we have taken a different approach.
It is important to emphasize that the study of Einstein-type manifolds can lead us to a better understanding of Ricci solitons' structure. Cao and Chen [8] considered a special case of (1.1), the static metric, in their analysis of gradient steady Ricci solitons.
In the 3-dimensional case, Qing and Yuan [22] proved that if the Cotton tensor is thirdorder divergence-free (that is, completely divergence-free), then a CPE manifold must be isometric to the round sphere, and they also get a classification for a static metric. Since the 3-dimensional case was already considered, we have decided to focus in n ≥ 4.
The reasoning behind the use of (1.1) and (1.2) is that they generalize several important geometric equations: • Static perfect fluid equation (cf. [26] ):
f Ric = ∇ 2 f + (µ − ρ)f n − 1 g and ∆f + (n − 2)µ + nρ n − 1 = 0, (1.5) where µ and ρ are, respectively, the density and pressure smooth functions. Moreover, the energy condition implies that µ ≥ |ρ|. • Critical point equation (cf. [4] ):
(1 + f )Ric = ∇ 2 f + Rf n(n − 1) g and ∆f + Rf n − 1 = 0, (1.6) whereRic stands for the traceless Ricci tensor.
Divergence conditions on Weyl have been investigated throughout the years (cf. [11, 13, 15, 22, 28, 29] ). Mathematically, this hypothesis is more natural than asymptotic flatness condition. Moreover, harmonicity has connections with conservation laws in physics.
In this paper we will explore divergence conditions on Weyl for an Einstein-type manifold satisfying (1.1) and (1.2). First, we will define a harmonic Weyl curvature when the divergence of the Weyl tensor vanishes, i.e.,
In what follows, we will consider that a Riemannian manifold (M n , g) has zero radial Weyl curvature if W (·, ·, ·, ∇f ) = 0. (1.8)
Catino [11] used this additional hypothesis to classify generalized quasi-Einstein metrics with harmonic Weyl tensor. Furthermore, he proved that this additional hypothesis can not be removed.
Without further ado, we state our main results. Theorem 1. Let (M n , g, f, h), n ≥ 4, be a smooth compact Riemannian manifold satisfying (1.1) and (1.2) with zero radial Weyl curvature and fourth-order divergence-free Weyl tensor, i.e., div 4 W = 0. Then (M n , g) has harmonic Weyl tensor.
An immediate consequence of Theorem 1 is the following result, which was previously provided by Baltazar in [4] . Here, the demonstraion is different and follows from Theorem 1 and Theorem 1.2 in [29] . It is important to remember that, if a manifold has harmonic Weyl tensor and constant scalar curvature, then its curvature is harmonic.
Let (M n , g, f ), n ≥ 4, be a CPE metric (1.6) with zero radial Weyl curvature satisfying div 4 W = 0. Then (M n , g) is isometric to a standard sphere. Now we will concentrate our efforts to analyze the noncompact Einstein-type manifold (1.1) with vanishing conditions on Weyl. The demonstration follows a similar strategy used in Theorem 1.2 and Theorem 1.3 of [13] .
Theorem 2. Let (M n , g, f, h), n ≥ 4, be a Riemannian manifold satisfying (1.1) and (1.2) with zero radial Weyl curvature satisfying div 4 W = 0. In case f is proper, (M, g) has harmonic Weyl curvature.
As a consequence, we have the next theorem. Theorem 3. Let (M n , g, f, h), n ≥ 4, be a complete Riemannian manifold satisfying (1.1) and (1.2) with zero radial Weyl curvature satisfying div 4 W = 0. In case f is proper, around any regular point of f , the manifold is locally a warped product with (n − 1)-dimensional Einstein fibers.
Using another approach, Hwang et al. [30] proved that the static triple and the CPE metric have harmonic Weyl tensor provided that the Bach tensor and the Weyl tensor are completely divergence-free. In this paper, the Einstein-type manifold we are working with reaches another cases, like perfect fluid spacetime. So, in that sense, piece has a broader appeal.
Let us give a physical application of our main result, Theorem 2. In fact, the following corollary is a consequence of Theorem 2, and Theorem 1 in [15] (see also [30] ). The static spacetime (M, g) has no multiple black holes when its horizon f −1 (0) = ∂M is connected. Moreover, we can assume the static triple (M, g) is connected and complete up to the boundary in such way that g and f extend smoothly to the boundary ∂M .
Existence and multiplicity of black holes are a big deal in general relativity (cf. [2, 15, 16 ] and the references therein). It is well known that the Schwarzschild metric is a non trivial example of a static vacuum spacetime with harmonic curvature in all dimensions (cf. [24] ). However, this is not the only example. Example 1. This is a very important example, we can find an analysis of the following metric in [6] , page 271.
Let (Σ, g Σ ) be any compact (n− 1)-dimensional Einstein manifold with Ric Σ = (n− 2)g Σ , and the warped product metric is determined by
We have that (R 2 × Σ, ds 2 ) is complete and Ricci-flat, and the spacelike hypersurface
is a solution to (1.3), with 2 n−2 f ′ (t) as a potential function. Therefore, the solution is smooth up to the horizon Σ, and complete away from it. Moreover, we can consult [15] to see that (R + × Σ,g) has a harmonic curvature.
Since Σ is an Einstein manifold, the explicit formula of the Weyl tensor for a warped product manifold (1.10) allows us to deduce that (R + × Σ,g) has zero radial Weyl curvature (cf. [9] as a good survey of Weyl formulas).
The metric (R + × Σ,g) is asymptotic to the complete Euclidean cone on (Σ, g Σ ), but is asymptotically flat only in the case that (Σ, g Σ ) = S n−1 (1), corresponding to the ndimensional Schwarzschild metric (cf. [24] ). In fact, if we set f = r and express t as a function of r, we have
In physics, the asymptotically flatness assumption is more often used. Nevertheless, mathematically the asymptotically flat assumption restricts the topology and geometry of the static spacetime outside a large compact set (cf. [15] and the references therein). Therefore, the harmonic curvature condition can be more natural, at least, from a mathematical perspective.
It is widely known that a static triple (1.
3) complete with f positive everywhere is trivial (cf. Theorem 1.1 in [2] ). Suppose the boundary f −1 (0) = ∅ for a static triple is of great interest, still, it is important to enquire what happens with (1.1) if we consider the Einsteintype manifold complete with f > 0 everywhere.
In what follows, we will give mathematical proof of an estimate for the potential function of (1.1). Such estimate on gradient Ricci soliton was important for Catino et al. in [13] as well. There is also a recent paper of Wang which provides estimates for quasi-Einstein metrics (cf. [27] ). An estimate for the potential function in (1.1) can lead us to great implications. The proof of the next result was based on [7] . Here r(x) = d(x 0 , x) is the distance function from some fixed point x 0 ∈ M , and κ is a positive constant.
We now prove that the volume of geodesic balls in an Einstein-type manifold satisfying (1.1) has exponential growth at infinity. As a matter of fact, the arguments to prove the next result were essentially sketched by Munteanu and Sesum in [19] . where c 1 and c(n) are positive constants, and c(n) depends only on n.
As previously stated, the set f −1 (0) plays an important role in the static metric. In what follows, we will consider that f > 0 everywhere and M is complete. For a static metric satisfying (1.4) there are no obstructions to consider in such situation, as far as we know.
It is well known that a complete and noncompact Riemannian manifold with Ric ≥ 0 and R > 0 must satisfy the estimate
where B x (r) is the geodesic ball of center x and radius r, and c(n) is a positive constant depending only on n. For the static triple (1.4), we can prove an estimate with more loose bounds on curvature. We must say that Barros et al. [5] provided a great analysis of lower bounds on the volume growth of geodesic balls for m-quasi-Einstein manifolds. The next corollary is an straight application of Theorem 5 and Theorem 3.2 in [25] . where c 1 and κ are positive constants, and c(n) is a positive constant depending only on n.
As an application of the above result, we prove that a weak version of the Omori-Yau maximum principle holds for the ϕ-Laplacian. Remember the ϕ-Laplacian operator is given by
for some function u ∈ C 1 (M ). Notice that if the vector field in brackets is not C 1 at least, then the divergence must be considered in distributional sense (cf. Chapter 4 in [21] for more details).
The Omori-Yau maximum principle is an useful instrument in geometric analysis, it implies, for instance, stochastic completeness (cf. [1, 20, 21, 23] ).
In a Riemaniann manifold M (not necessarily complete) the weak Omori-Yau maximum principle at infinity (cf. Theorem 3.1 in [21] ) holds if for every u ∈ C 2 (M ) with u * = sup M u < +∞ there exists a sequence {x k }, k = 1, 2, . . ., such that, for every k, u(x k ) > u * − 1/k and ∆u(x k ) < 1/k. Theorem 6. Let (M n , g, f, h) be a complete noncompact Einstein-type manifold with boundary satisfying (1.1) in which f > 0 is increasing along any minimizing normal geodesic γ(s), starting from x 0 = γ(0), h ≥ 0 and g has bounded Ricci curvature. Let u be a smooth function on M with u * = sup M u < +∞ and such that the vector field |∇u| −1 ϕ(|∇u|)∇u is of class at least C 1 . Then the weak maximum principle at infinity holds for ϕ-Laplacian on M .
In the same way of Corollary 3, we prove a weak version of the Omori-Yau maximum principle for the static triple. 
Background
Now we interrupt our analysis a while to recall a little bit about generalized quasi-Einstein metrics.
Definition 1. [11]
A complete Riemannian manifold (M n , g), n ≥ 3, is a generalized quasi-Einstein manifold, if there exist three smooth functions f , µ, h on M , such that
Considering u = e −f and µ = 1, we rewrite (2.1) like
which is, essentially, equation (1.1).
A generalized quasi-Einstein manifold with zero radial Weyl tensor and harmonic Weyl tensor must be locally a warped product with (n − 1)-dimensional Einstein fibers (cf. [11] ).
2.1. Structural Lemmas. We would like to introduce this section by evoking some important formulas that we will need. Here we used the convention stablished by Cao et al. in [10] .
• Weyl tensor:
• Cotton tensor:
• Bach tensor:
The Weyl tensor has the same symmetries of the curvature tensor. Moreover, the Weyl, the Cotton and the Bach tensors are totally trace-free. From a straightforward computation, we can see that the Cotton tensor C satisfies:
Moreover, from the definition of the Cotton tensor we can also infer
Contracting over i and s we get
Since from commutation formulas (cf. [12] for instance), for any Riemannian manifold we have
Hence,
From the contracted second Bianchi identity 1 2
We can conclude from (2.7) and (2.9) that
Then, from (2.6) we get
Furthermore, the Cotton tensor is related to the Weyl tensor in the following manner:
Thus, from (2.5) and (2.12) we obtain
Also, it is easy to verify from (2.6) and (2.10) that Back tensor is symmetric.
Another important result was once proved by Cao and Chen (cf. Lemma 5.1 in [10] ):
Now we need to prove a fundamental equation for this work. In a Riemannian manifold M it is possible to relate the curvature with a smooth function using the Ricci identity:
From (1.1), it is easy to see that
Thus, from (2.15) we get
Contracting the above identity under i and k, and using (2.8) we obtain
Now from (1.2) we gather that manifold satisfying (1.1) and (1.2) . Then,
Proof. We star by taking the derivative of (1.1) and using the Ricci identity (2.15 )
From the above equation and (2.16) we get
Now the Cotton tensor gives us
Finally, applying Weyl tensor (2.3) in the last identity we get the result.
In what follows, we define
This tensor shares the same symmetries of the Cotton tensor. Thus, we can infer that
Hereafter, we assume f (x) = 0 for any x ∈ M . However, it will not be an issue when proving our results and this will become clear ahead. 1) and (1.2) . Then, we have
Proof. From (2.13) and (2.18) we have
Now, using (1.1) and admiting that the Weyl tensor is trace-free we get
Finally, from (2.12) the result follows. 1) and (1.2) . Then, we have
Proof. From Lemma 2 we have
Next, since the Cotton tensor is trace-free, from (1.1) and (2.11) we get
Furthermore, from (2.12) we have
Thus, from (2.14) the result follows. 1) and (1.2) . Then, we have
Proof. From Lemma 3 we have
Furthermore, from the symmetries of the Cotton tensor we obtain
Since the Cotton tensor is trace-free, the result follows.
Proof of the Main Results
In what follows we will prove an integral theorem (cf. Theorem 4.1 in [13] , see also Proposition 2.3 in [22] ). 
Proof. From Lemma 4 we have
Integrating the above equation leads us to
Since W (·, ·, ·, ∇f ) = 0, from Lemma 3 we obtain
Hence, from (3.2), (3.3) and the above identity we get
Finally, from (2.12) we get the result.
Proof of Theorem 1:
Assuming ψ(f ) = f 2 , since M is compact, from Theorem 7 an integration gives us 
Now assuming div 4 W = 0, integrating by parts and applying once more Theorem 7 we obtain
Therefore,
So, C = 0 in M s . Thus, taking the limit (s → +∞), we have C = 0 on M . So, the result follows from (2.12) . ✷ Proof of Theorem 3: Consider an orthonormal frame {e 1 , e 2 , e 3 , . . . , e n } diagonalizing Ric at a regular point p ∈ Σ = f −1 (c), with associated eigenvalues R kk , k = 1, . . . , n, respectively. That is, R ij (p) = R ii δ ij (p). Since we have harmonic Weyl tensor and zero radial Weyl curvature, from Lemma 1 we have T (p) = 0, i.e.,
Without lost of generalization, consider ∇ i f = 0 and ∇ j f = 0 for all i = j. Then we have Ric(∇f ) = R ii ∇f , i.e., ∇f is an eigenvector for Ric. From (3.5), R ii has multiplicity 1 and R jj has multiplicity n − 1, for all j = i. Moreover, if ∇ i f = 0 for at least two distinct directions, from (3.5) we have that λ = R 11 = . . . = R nn and we also have ∇f as an eigenvector for Ric.
Therefore, in any case we have that ∇f is an eigenvector for Ric. From the above discussion we can take {e 1 = ∇f |∇f | , e 2 , . . . , e n } as an orthonormal frame for Σ diagonalizing Ric.
Now from (1.1) it is important to notice that
Hence, equation (3.6) gives us |∇f | constant in Σ. Thus, we can express the metric g in the form
where g ab (f, θ)dθ a dθ b is the induced metric and (θ 2 , . . . , θ n ) is any local coordinate system on Σ. We can find a good overview of the level set structure in [8, 9, 10, 17] .
Observe Let ∇r = ∂ ∂r , then |∇r| = 1 and ∇f = f ′ (r) ∂ ∂r on U I . Note that f ′ (r) does not change sign on U I . Moreover, we have ∇ ∂r ∂r = 0. Now, we can apply the warped product structure (cf. [9] see also the proof of Theorem 1 in [17] ). Hence, considering (M n , g) = (I, dr 2 ) × ϕ (N n−1 ,ḡ)
we have
Finally, since W (·, ·, ·, ∇f ) = 0 we obtain that N is an Einstein manifold. Using this, we can prove that This proves that for any s ≥ 1 we have an area bound of the form Area (B x0 (r)) ≤ J(1)e √ (n−1)κr .
✷

Proof of Theorem 6:
We know that the geodesic balls of the Einstien-type manifold (1.1) have exponential growth at infinity (cf. Theorem 5). Therefore, from a straightforward computation we have log V ol(B p (r)) r 1+δ ≤ log c 1 e c(n) Hence, from Theorem 3.5 in [1] (see also Theorem D in [23] ) we have the result. ✷
